


Gaussian process regression



Incorporating known deformations



𝑥1
⋮
𝑥𝑛
𝑦1
⋮
𝑦𝑚

∼ 𝑁

𝜇1
⋮
𝜇𝑛
𝜇𝑛+1
⋮

𝜇𝑛+𝑚

,

Σ1,1 Σ1,𝑛
⋮ … ⋮

Σ𝑛,1 Σ𝑛,𝑛

Σ1,𝑛+1 Σ1,𝑚+𝑛

… ⋮
Σ𝑛,𝑛+1 Σ𝑛,𝑚+𝑛

Σ𝑛+1,1 Σ𝑛+1,𝑛
⋮ … ⋮

Σ𝑚+𝑛,1 Σ𝑚+𝑛,𝑛

Σ𝑛+1,𝑛+1 Σ𝑛+1,𝑚+𝑛

… ⋮
Σ𝑚+𝑛,𝑛+1 Σ𝑚+𝑛,𝑚+𝑛

Conditional distribution



Simplified notation: 𝑋
𝑌

∼ 𝑁
𝜇𝑋
𝜇𝑌

,
Σ𝑋𝑋 Σ𝑋𝑌
Σ𝑌𝑋 Σ𝑌𝑌

𝑥1
⋮
𝑥𝑛
𝑦1
⋮
𝑦𝑚

∼ 𝑁

𝜇1
⋮
𝜇𝑛
𝜇𝑛+1
⋮

𝜇𝑛+𝑚

,

Σ1,1 Σ1,𝑛
⋮ … ⋮

Σ𝑛,1 Σ𝑛,𝑛

Σ1,𝑛+1 Σ1,𝑚+𝑛

… ⋮
Σ𝑛,𝑛+1 Σ𝑛,𝑚+𝑛

Σ𝑛+1,1 Σ𝑛+1,𝑛
⋮ … ⋮

Σ𝑚+𝑛,1 Σ𝑚+𝑛,𝑛

Σ𝑛+1,𝑛+1 Σ𝑛+1,𝑚+𝑛

… ⋮
Σ𝑚+𝑛,𝑛+1 Σ𝑚+𝑛,𝑚+𝑛

Conditional distribution



For
𝑋
𝑌

∼ 𝑁
𝜇𝑋
𝜇𝑌

,
Σ𝑋𝑋 Σ𝑋𝑌
Σ𝑌𝑋 Σ𝑌𝑌

and given observations 𝑌 = 𝒂 =
𝑎1
⋮
𝑎𝑚

the conditional distribution 𝑋|𝑌 = a is a normal distribution 𝑁 𝜇, Σ .

Its parameters are known in closed form:

𝜇 = 𝜇𝑋 + Σ𝑋𝑌Σ𝑌𝑌
−1 a − 𝜇𝑌

Σ = Σ𝑋𝑋 − Σ𝑋𝑌Σ𝑌𝑌
−1Σ𝑌𝑋

Conditional distribution



Prior model

Shape variations modelled using

u ∼ 𝐺𝑃 𝜇, 𝑘

We call this the prior model.



𝑢(𝑥1)
⋮

𝑢(𝑥𝑛)
𝑢(𝑦1)
⋮

𝑢(𝑦𝑚)

∼ 𝑁

𝜇 𝑥1
⋮

𝜇(𝑥𝑛)

𝜇 𝑦1
⋮

𝜇 𝑦𝑚

,

𝑘(𝑥1, 𝑥1) …

⋮

𝑘(𝑥1, 𝑥𝑛) 𝑘(𝑥1, 𝑦1) … 𝑘(𝑥1, 𝑦𝑚)

𝑘(𝑥𝑛, 𝑥1)

𝑘(𝑦1, 𝑥1)

𝑘(𝑥𝑛, 𝑥𝑛) 𝑘(𝑥𝑛, 𝑦1)
𝑘(𝑦1, 𝑥𝑛) 𝑘(𝑦1, 𝑦1)

𝑘(𝑥𝑛, 𝑦𝑚)

𝑘(𝑦1, 𝑦𝑚)

⋮
𝑘(𝑦𝑚, 𝑥1) 𝑘(𝑦𝑚, 𝑥𝑛) 𝑘(𝑦𝑚, 𝑦1) 𝑘(𝑦𝑚, 𝑦𝑚)

Prior model: u ∼ 𝐺𝑃 𝜇, 𝑘

• For any discretization we can write:

Prior model



𝜇1(𝑥1)
𝜇2(𝑥1)

𝑘11(𝑥1, 𝑥𝑛) 𝑘12(𝑥1, 𝑥𝑛)
𝑘21(𝑥1, 𝑥𝑛) 𝑘22(𝑥1, 𝑥𝑛)

𝑢1(𝑥1)
𝑢2(𝑥1)

Prior model

𝑢(𝑥1)
⋮

𝑢(𝑥𝑛)
𝑢(𝑦1)
⋮

𝑢(𝑦𝑚)

∼ 𝑁

𝜇 𝑥1
⋮

𝜇(𝑥𝑛)

𝜇 𝑦1
⋮

𝜇 𝑦𝑚

,

𝑘(𝑥1, 𝑥1) …

⋮

𝑘(𝑥1, 𝑥𝑛) 𝑘(𝑥1, 𝑦1) … 𝑘(𝑥1, 𝑦𝑚)

𝑘(𝑥𝑛, 𝑥1)

𝑘(𝑦1, 𝑥1)

𝑘(𝑥𝑛, 𝑥𝑛) 𝑘(𝑥𝑛, 𝑦1)
𝑘(𝑦1, 𝑥𝑛) 𝑘(𝑦1, 𝑦1)

𝑘(𝑥𝑚, 𝑦𝑚)

𝑘(𝑦1, 𝑦𝑚)

⋮
𝑘(𝑦𝑚, 𝑥1) 𝑘(𝑦𝑚, 𝑥𝑛) 𝑘(𝑦𝑚, 𝑦1) 𝑘(𝑦𝑚, 𝑦𝑚)



𝑢(𝑥1)
⋮

𝑢(𝑥𝑛)
𝑢(𝑦1)
⋮

𝑢(𝑦𝑚)

∼ 𝑁

𝜇 𝑥1
⋮

𝜇(𝑥𝑛)

𝜇 𝑦1
⋮

𝜇 𝑦𝑚

,

𝑘(𝑥1, 𝑥1) …

⋮

𝑘(𝑥1, 𝑥𝑛) 𝑘(𝑥1, 𝑦1) … 𝑘(𝑥1, 𝑦𝑚)

𝑘(𝑥𝑛, 𝑥1)

𝑘(𝑦1, 𝑥1)

𝑘(𝑥𝑛, 𝑥𝑛) 𝑘(𝑥𝑛, 𝑦1)
𝑘(𝑦1, 𝑥𝑛) 𝑘(𝑦1, 𝑦1)

𝑘(𝑥𝑚, 𝑦𝑚)

𝑘(𝑦1, 𝑦𝑚)

⋮
𝑘(𝑦𝑚, 𝑥1) 𝑘(𝑦𝑚, 𝑥𝑛) 𝑘(𝑦𝑚, 𝑦1) 𝑘(𝑦𝑚, 𝑦𝑚)

Simplified notation:
𝑢(𝑋)
𝑢(𝑌)

∼ 𝑁
𝜇 𝑋

𝜇 𝑌
,
𝐾 𝑋, 𝑋 𝐾(𝑋, 𝑌)
𝐾(𝑌, 𝑋) 𝐾(𝑌, 𝑌)

Prior model



The conditional distribution

Conditional distribution:

𝑝(𝑢 𝑋 |𝑢 𝑌 = 𝒖) = 𝑁(𝜇, 𝛴)

𝜇 = 𝜇(𝑋) + 𝐾 𝑋, 𝑌 K−1(𝑌, 𝑌) 𝒖 − 𝜇(𝑌)

Σ = 𝐾(𝑋, 𝑋) − 𝐾 𝑋, 𝑌 𝐾 𝑌, 𝑌 −1𝐾(𝑌, 𝑋)

𝑢1

𝑢2

For given observations: 
{(𝑦𝑖 , 𝑢𝑖), 𝑖 = 1 ,… ,𝑚}

we assume that
𝑢 𝑦𝑖 = 𝑢𝑖 .



The conditional distribution

For given observations: 
{(𝑦𝑖 , 𝑢𝑖), 𝑖 = 1 ,… ,𝑚}

we assume that
𝑢 𝑦𝑖 = 𝑢𝑖 .

Conditional distribution:

𝑝(𝑢 𝑋 |𝑢 𝑌 = 𝒖) = 𝑁(𝜇, 𝛴)

𝜇 = 𝜇(𝑋) + 𝐾 𝑋, 𝑌 K−1(𝑌, 𝑌) 𝒖 − 𝜇(𝑌)

Σ = 𝐾(𝑋, 𝑋) − 𝐾 𝑋, 𝑌 𝐾 𝑌, 𝑌 −1𝐾(𝑌, 𝑋)



The conditional distribution

For given observations: 
{(𝑦𝑖 , 𝑢𝑖), 𝑖 = 1 ,… ,𝑚}

we assume that
𝑢 𝑦𝑖 = 𝑢𝑖 .

Conditional distribution:

𝑝(𝑢 𝑋 |𝑢 𝑌 = 𝒖) = 𝑁(𝜇, 𝛴)

𝜇 = 𝜇(𝑋) + 𝐾 𝑋, 𝑌 K−1(𝑌, 𝑌) 𝒖 − 𝜇(𝑌)

Σ = 𝐾(𝑋, 𝑋) − 𝐾 𝑋, 𝑌 𝐾 𝑌, 𝑌 −1𝐾(𝑌, 𝑋)



For fixed 𝑢 𝑌 = 𝒖 the mean and 
covariance matrix can be computed for 
an arbitrary number of points 𝑋 =
x1… , 𝑥𝑛 .

𝑢1

𝑢2

The conditional distribution



The conditional distribution

For fixed 𝑢 𝑌 = 𝒖 the mean and 
covariance matrix can be computed for 
an arbitrary number of points 𝑋 =
x1… , 𝑥𝑛 .

𝑢1

𝑢2



Expressions for a single point

𝜇(𝑋) = 𝜇(𝑋) + 𝐾 𝑋, 𝑌 𝐾 𝑌, 𝑌 −1 𝒖 − 𝜇(𝑌)

𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 ∈ ℝ2𝑚×2𝑚

𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 ∈ ℝ2𝑚



𝑘(𝑥, 𝑦1) ⋯ 𝑘(𝑥, 𝑦𝑚) ∈ ℝ2×2𝑚

𝜇𝑝(𝑥) = 𝜇 𝑥 + 𝐾 𝑥, 𝑌 𝐾 𝑌, 𝑌 −1 𝒖 − 𝜇(𝑌)

Expressions for a single point

𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 ∈ ℝ2𝑚×2𝑚

𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 ∈ ℝ2𝑚



𝑘𝑝 𝑥, 𝑥′ = 𝑘 𝑥, 𝑥′ − 𝐾 𝑥, 𝑌 𝐾 𝑌, 𝑌 −1𝐾(𝑌, 𝑥′)

𝑘(𝑦1, 𝑥′)
⋮

𝑘(𝑦𝑚, 𝑥
′)

∈ ℝ2𝑚×2

Expressions for a single point

𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 ∈ ℝ2𝑚×2𝑚

𝑘(𝑥, 𝑦1) ⋯ 𝑘(𝑥, 𝑦𝑚) ∈ ℝ2×2𝑚



Posterior model

We have defined a Gaussian process 𝐺𝑃(𝜇𝑝, 𝑘𝑝)

• The process is called the posterior 
process.

• Defines a distribution of vector-fields, 
that match the given observations.

• All vector-field match the given 
observation perfectly. 



Noisy observations

𝑢(𝑋)
𝑢(𝑌)

∼ 𝑁
𝜇 𝑋

𝜇 𝑌
,
𝐾 𝑋, 𝑋 𝐾(𝑋, 𝑌)

𝐾(𝑌, 𝑋) 𝐾 𝑌, 𝑌 + 𝜎2𝐼2𝑚×2𝑚

For given observations: 
{(𝑦𝑖 , 𝑢𝑖), 𝑖 = 1 ,… ,𝑚}

we assume that
𝑢 𝑦𝑖 + 𝜖 = 𝑢𝑖 .

where   𝜖 ∼ 𝑁(0, 𝜎2𝐼2×2).



Gaussian process regression

𝜇𝑝(𝑥) = 𝜇 𝑥 + 𝐾 𝑥, 𝑌 (𝐾 𝑌, 𝑌 + 𝜎2𝐼2𝑚×2𝑚 )−1 𝒖 − 𝜇(𝑌)

𝑘𝑝 𝑥, 𝑥′ = 𝑘 𝑥, 𝑥′ − 𝐾 𝑥, 𝑌 (𝐾 𝑌, 𝑌 + 𝜎2𝐼2𝑚×2𝑚 )−1𝐾(𝑌, 𝑥′)

The posterior process 𝐺𝑃 𝜇𝑝, 𝑘𝑝 defines a 

distribution over vector-fields:

• the mean solves the regression problem
• likely deformations agree with observations. 
• 𝜎 controls accuracy



Posterior shape models


