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Defining a Gaussian process X Iniversity

A Gaussian process

GP(u, k)
is completely specified by a mean function u and covariance
function (or kernel) k.

e u: X — R4 defines how the average deformation looks like
e k: X X X - R4 defines how it can deviate from the mean
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The mean function S5 University

* Usual assumption:
0= (1) =0

— The reference shape is an
average shape.
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== ‘3 e * Defines characteristics of the
=L deformations fields
o A d Z
| \‘§ { — Main assumption:

" W deformation fields are smooth
. ; * Mathematical requirement
\ ] , ,
///// \‘\“\\\\\\ — The covariance function k(x, x")
\

i should be a symmetric, positive
semi-definite kernel.
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Positive semi-definite kernels SR ity

Positive semi-definite matrix

A real n X n matrix K which satisfies
vIKv >0
for all vectors v € R" is called positive semi-definite.
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Positive semi-definite kernels SR ity

Positive semi-definite kernel
A kernel k : XX X X = R%**% is called positive semi-definite,
if it gives rise to a positive-semi-definite kernel matrix K

with K;; = k(xi,xj), ,j=1,..,n
for any choice of nand X = (x4, ..., X;;)
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Positive semi-definite kernels SR ity

Positive semi-definite kernel
A kernel k : XX X X = R%**% is called positive semi-definite,
if it gives rise to a positive-semi-definite kernel matrix K

with K;; = k(xl-,xj), ,j=1,..,n
for any choice of nand X = (x4, ..., X;;)

* Ensures that the GP defines a valid N(u, K) for any
discretization.
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o lx — x'||2
(x,x") = sexp( — )
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Diagonal kernels
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kO (x, x")
k(x,x") = :

0 k(d)(x’x’)

0

)

e kD . k@. X x X - R are scalar-valued kernels
e k: X XX - R4 becomes a matrix valued kernel.

Assumption: Each dimension is modelled independently.

* the output-dimensions are uncorrelated.
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A model for smooth deformations S Srbeersity

lx —x'||%
S1€EXP 0_2 cee 0
1

( lx — x’HZ)
0 o Sgexp .

Oq

k(x,x") =
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A model for smooth deformations

'\\f///; \'\*14 + 7
\\ 1 /7 B G
"Nt A7 . 7/'7'
« * 4 ¥y v - 1
A4 A A ¥ +L?//
Af?\'\,_ /‘ —>
P AR . v ‘ ol
v(qu\\b\} 'X T, \ o
*\f,_,‘ § \ k}; /vq xx‘/*\i:\\} >A1/v>
v/ /f,,“\ VWA TR A NN\ T A
[ \f\f““"“* IS
Yy BCA LVl v b v
}bﬁkA—’\q'jf'A’[¢‘ \ ) : » A1
AR Comn ALCTAE NN . GO
vA*\\ LI v'x X *Jﬁf‘/ e AR
4_“\.\'\ \:'\:S\\:\\‘j Aé/( *44// N R \\?7
- 4 :\ . +”/ ‘-’"‘*
:1 ;‘»1\‘::‘:\ \\4\\4’ f / f / fw\\\\*/‘/ A &

S{ = S, large, 07 = 0y smaII

NXI~
XXX University

<IN of Basel



NIX|/

Sum of two kernels S5 University

The sum of two positive semi-definite kernels is a positive
semi-definite kernel

k(x,x')=gl,x") + h(x,x")

e k(x,x")is correlated if g(x,x") or h(x,X") are correlated
* |deal for defining deformations on multiple scales
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Product of two kernels SR oo™

The (element-wise) product of two positive semi-definite kernels is
a positive semi-definite kernel

k(x,x')=g(x,x") ® h(x,x")

e k(x,x")is correlated if g(x,x") and h(x,x") are correlated
* |deal for localizing correlations
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Other combinations of kernels S5 Unbversity

k(x,x") = ki(x,x") + k,(x,x")
k(x,x") = ak;(x,x"),a € R,
k(x,x") = k1(x,x") © ky(x,x")
k(x,x") = f(x) fGDT, f: X » R4
k(x,x") =BTk(x,x")B, B € R"™ ¢

Do W N e

* These rules will be explored in the following article.



