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Gaussian process — refresher

Vector-valued and scalar valued Gaussian processes

The space of samples

(Gaussian process regression
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Gaussian process: Formal definition

A Gaussian process  p(u) = GP(u, k)

IS a probability distribution over functions
u: X - R4

such that every finite restriction to function values

uy = (u(xq), .., ulxy))

is @ multivariate normal distribution
p(uyx) = N(uyx, kxx).
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Gaussian process: lllustration

A

Restriction to values at points X = {x}

X u(x) = (ul (x)) ~ N(ux, kxx)

U, (x)

— Hl(x) kll(xi .X') klz(x, .'X,')
=N ((Hz (x)) ' (k21(x, x) ky,(x, x)))

u(x)
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Gaussian process: lllustration

u(x")
x' q

Restriction to values at points X = {x, x'}
b /u1 ()
i u(x) Uz (x)
u(x) ; = ; ~ N , k =
(u(x )) Uy (X ) (:uX XX)
Uy (x)

([0 [ kiuCox) kinGx  kuGnx) kiGnx) |
U (x) ko1 (x,x)  Kpa(x, x) ka1(x,x")  Kkaa(x,x")
1) k(' x) kpp(xx) kg (e x) ko (x X))
\\#z(x’) \km(x’,x) Koo (x',x)  koy (', ) kzz(xl»xl)/
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Defining a Gaussian process

A Gaussian process

GP(u, k)
is completely specified by a mean function u and covariance function
(or kernel) k.

e« 11: X - R4 defines how the average deformation looks like
« k: X X X - R**4 defines how it can deviate from the mean
* Must be positive semi-definite
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Marginalization property

Let X = (xq,..,x,) and Y = (yq, ..., Vi)

i =n (). (5 5)

The marginal distribution p(X) = [ p(X,Y)dY is given by
p(X) = N(ux, Zxx).

* Evaluating the Gaussian process GP(u, k) defined on domain X at the points X =

(x4, ..., Xy) is marginalizing out (ignoring) all random variables X \ X
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From continuous to discrete

Conceptual formulation:
Continuous: GP(u, k)

NS

Practical implementation:
Discrete: N(u, K)
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The Karhunen-Loeve expansion

We can write u~ GP(u, k)
as U~ i+ X2 a4 di a; ~ N(0,1)

* ¢; is the eigenfunction with associated eigenvalue A; of the
linear operator

[T ul(x) = | k(x,s)u(s)ds
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Eigenvalues and variance

| ! * Eigenvalue A;
v * Interpretation: Variance of a;/A1;®;
60 |
3 | * The total variance of the process
%40-' A\ u~ GP(u, k)
I is given by }.724 4; .
20] . * Observation: Most variance is explained
", by the first eigenfunctions
0_: ®eoe ® o000 00

2 4 6 8 10 12 14 16
Eigenvalue
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Low-rank approximation

r

u=p+ ) anfligi @ ~NQO,1)

=1

Main idea: Represent process using only the first ¥ components
* We have a finite, parametric representation of the process.
* Any deformation u is determined by the coefficients

a=(aq,..,a)

4 1
p(w) = p(@) = | | —=exp(~a?/2)
1=1
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Vector-valued and single valued Gaussian
processes
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Scalar-valued Gaussian processes

Scalar-valued (more common)
e Samples f are real-valued functions

Vector-valued (this course)
» Samples u are deformation fields:
u: R® - R4 f: R"> R
AX AR
O
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Scalar-valued Gaussian processes

Scalar-valued (more common)

Vector-valued (this course)
u ~ GP(i, k)
f: X - R% wXxX - R
k: X x X - R4*4 k: X xX - R
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A connection

Matrix-valued kernels can be reinterpreted as scalar-valued kernels:

Matrix valued kernel: k: X x X — R%*d
Scalar valued kernel: k: X X (1..d) X X X (1..d) - R

Bijection: Define

k((x, D), ((x", ) = k(x',x");



20NIVERSITAT BASEL
> DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE GRAVIS 2016 | BASEL

GP Regression — Vector-valued case

kq1(x1,%1)  kqp(xq,x1) ki1(xq, %) kqia(xq,x5)
ko1 (xq,x1)  kop(xy,x1) 7 koy(xg,xp)  koa(xg,xp)
K = : :
ki1(en,x1)  kqya(xp, x1) ki1(on, X)) kq2(xp, x5)
k21(xnr xl) kzz(xn: xl) k21(xnr xn) kzz(xn: xn)
k((x1, 1), (x1,1))  k((x1,1), (x1,2)) k((x1,1), (e, 1)) k( (g, 1), (30, 2))
k((xlr 2)' (xl' 1)) k((xll 2)! (x1; 2)) k((xlf 2)' (xn' 1)) k((xlf 2)1 (xTu 2))
K = . :

(D, D) k(D) 02) k(G D) D) k(G 1), G 2))
k((xn,2), (x1, 1)) k((xn,2),(21,2)) 7 k(0 2), (xn, 1)) k((xn, 2), (3, 2))
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Matrix-valued kernels can be reinterpreted as scalar-valued kernels:

Matrix valued kernel: k: X x X — R4
Scalar valued kernel: k: X X (1..d) X X X (1..d) - R

Bijection: Define

k((x, D), ((x", ) = k(x',x");

All the theory developed for the scalar-valued GPs holds also for vector-valued GPs!
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Sampling revisited
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Finite views on infinite objects

Infinite .
. . Gaussian process
dimensional
Continuous
domain
Finite
dimensional e e e

v

(Marginalization) Expansion)

24
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The space of samples

Sampling from GP(u, k) is done using the corresponding normal distribution N (i, K)

Algorithm for sampling (slightly inefficient)
1. DoanSVD:K=UD*U"
2. Draw a normal vector & ~ N(O, I,;x5,)

3. Compute i + UDa
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The space of samples

e From K = UD?U" (using that UTU = I) we have that
KUD~1 = UD

* Any sample
s=pf+UDa=pu+KUD ta=u+Kp
is a linear combinations of the columns of K.

Two ways to represent sample:
1. KL-Expansion:s = i + Y,; d;a;u;

2. Linear combination of kernels: s = u + 2. Pk;
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Four examples covariance functions

k(x,x") = fx)f(x)
kx') = Zﬁ(x)ﬁ(x )

—_ —_— 2 1 2
f(x) = (1 —s(x))2x? + s(x) sin(x?) f£,(x) = sin(x), fz(x) = x, f3(x) = cos(x %)

gl

||||.||.|h||||.|'||ullt|
Voo v
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Four examples covariance functions

lx — x’||2> k(x,x") = 8(x,x")
9

k(x,x") = exp (—
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Example 1

k(x,x") = fx)f(x)

samples
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Example 1

k(x,x") = fx)f(x)

Covariance matrix Sample columns from covariance matrix
1050:{ :

1000
950 -

900 -

850 -

800 -

750 -

700 +

650 -

sooj

550

500 -

450 -

4ooi

350 -

300

250 :

200 p { £ X 8OO0 008/
150 '

100

50

2 BB S s =S @

¢ . e - ! N
0 100 200 300 400 500 600 700 800 900 1000
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Example 1

k(x,x") = fx)f (x")

Eigenvalues Leading eigenvectors

”ﬁ

A
° VUV
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Example 2

3
kGx) = ) fiGOfix)
=1

samples
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Example 2

3
k(xx) = ) fiGOfi(x')
i=1

Covariance matrix Sample columns from covariance matrix

0 100 200 300 400 500 600 700 800 900 1000
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Example 2

3
k(x) = ) fifi(x)
=1

Eigenvalues Leading eigenvectors
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Example 3

lx — x'||?
9

k(x,x") =exp| —

samples
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Example 3

lx — x'||?
9

k(x,x") =exp| —

Covariance matrix Sample columns from covariance matrix

0 100 200 300 400 560 600 700 800 960 1000 -5 -4 -3 -2 -1 3] 1 2 3 4 5
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Example 3

lx — x'||?
9

k(x,x') =exp|—

Eigenvalues . Leading eigenvectors




39NIVERSITAT BASEL

> DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE GRAVIS 2016 | BASEL

Example 4

k(x,x') =8(x,x")

samples
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Example 4

k(x,x") =6(x,x")

Covariance matrix Sample columns from covariance matrix
1050]

1000
950 -
200 -
850 -
200 -
750 -
F00 -
&850 -
=00 -
350 -
300 -
450 -
400 -
350 -
200 -
250 -
200 -
150 -
100 -

30 -

[v] 100 200 300 400 500 &00 To0 800 S00 1000 -5 -4 -3 -2 -1 0 1 2 3 4 5
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Example 4

k(x,x") =6(x,x")

Eigenvalues . .
Leading eigenvectors
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Gaussian process regression revisited



UNIVERSITAT BASEL

> DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE GRAVIS 2016 | BASEL

(Gaussian process regression

* Given: observations {(x1,¥1), -, (X5, Y)}
 Model:y; = f(x;) +€, f~GP(u, k)

* Goal: compute p(Vi|Xs, X1, woo) Xopy Vs oovr Vi)
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(Gaussian process regression

* Solution given by posterior process GP(,up, kp) with
Uy (%) = K(x, KX, X) + %Iy

kp (X, x.") = k(x,, %) — K (o, KX, X) + 017K (X, x2)

* The covariance is independent of the value at the training points

e Structure of posterior GP determined solely by kernel.
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Examples

L L A &5 &8 4 2 M R
th © th © t © t © th ©

Aowow R
o oo oo

1
4
4
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lx — x'||?

k(x,x") =exp|— —

Q
|
p—

1050
1000 J

0 100 260 360 460 560 660 760 860 960

1000

-3

L=]

10

GRAVIS 2016 | BASEL



UNIVERSITAT BASEL

> DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE GRAVIS 2016 | BASEL

Examples

* Gaussian kernel (6 = 1)

3.5
3.0
2.5
2.0
1.5
1.04

0.51

0.0

0.5
-1.0
1.5

-2.01

-3.0

-3.5
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Example: Gaussian kernel

x — x'||?
k(x,x") = exp _“ 02 “ | /\ -

4

1050 3
1000 -
950 -
900 -
850 -
800 -
750 -
700 -
650 -
500 -
550 -
500 -
450 -
400 -
350 -
300
250
200
150
100
50

0 100 200 300 400 500 600 700 800 900 1000 ~o 1 2 3 4 5 & 7 3 5 10
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Examples

* Gaussian kernel (6 = 5)

3.5
3.0
2.5
2.0
1.5
1.0
0.51
0.0
-0.51
-1.0
-1.5
-2.01
-2.51
-3.01
-3.51
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Periodic kernels

* Define u(x) = (Cos(x))

sin(x)

o2

* k(x,x") = exp(—||(u(x) — u(x")||* =exp(—4 sin? (”x _x,”))
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Examples

* Periodic kernel

3.0
2.5

1.0
0.5
ﬂ ’ ﬂ ] II.II IIIIl .II' '." II IIII

0.5 | N

- III. 'I II' I", [ I" / III' |
- E - ﬂ 1 IIII I|I 4 IIII III / IIII III

-3.0
3.5

4.0
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Changepoint kernels

* k(x,x") = sk, (6, x)s(x") + (1 = s(x))k2(x, x)(1 = s(x7))

* s(x) = :

1+exp( —x)
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Examples

* Changepoint kernel
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Symmetric kernels

* Enforce that f(x) = f(-x)
 k(x,x") =k(—x,x") + k(x,x")

0 100 260 360 460 560 600 700 800 9200 1000
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Examples

e Symmetric kernel
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* Gaussian processes are an extremely rich toolbox for modelling functions / deformation
fields

* Possible functions are linear combinations of the kernels k (-, x), fixed at one point x
* Kernels k(+, x) form the basis of the space of possible functions

* Regularity/smoothness of kernels is transferred to samples

* In inference tasks, the structure of the kernel determines the prediction

e => Extremely important to model it well



